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Directed by rrofessor C. Witoszynski..
Prepared for publication by J. Bonder.

In the construction of aerodynamic tunnels, ‘it is a very .
important matter to obtain a uniferm current of air in the sec—
tions where measurements are to be made. The straight type or-
dinarily used for attaining a uniform current and generally
recommended for use, has great defects. If we desire to avoid
these defects, it is well to give the canals of the tunnel such
a form that the curvent, after the change of direction of its
asymptotes, approximates & uniform and rectilinear movement.
But for this, the condition must be met that at no‘place does
the flow exceed the maximum velocity assumed, equal to the
velocity in the straight parts of the canal. _

It follows from the above'that the problem leads up to the

determination of a rational form for the turn, at the change of

direction by 180° of a horizontal uniform current.

* Extract from Préegladu Technicznego, V¥ol. LXIII, 1925.
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Canal Bounded on the Outside by Flat Walls

The plane movement which wé are discussing may take vlace
within a plane having the coordinate axes x and y. This being

the case, the real part of any function F(z) of the joint

change =z = x + iy represents the.potential of the velocity &
of a certain plane movement, the condition of ductility being -
fulfilled, and the imaginary part V¥ represents the actual po-
tential of the movement of the current. The function of the
combined change F(z) = & + iV is given the name of combined
potential. Each of the lines of the current flowing through
may serve as an outline for the walls bounding the canal and
the turn of the tunnel. |

We gof a turn corresponding to the conditions fixed above
by determining the combined potentiﬁ ¢+ iV in the follow-
ing equation:

5 4 1V ¥
sinhZ = sinhk coshit-iY (1)
a a u

in which a 1is the parameter on a fixed scale, k 1s an arbi-
trary parameter, but u is the velocity of the wniform current.
Upon separating the real and the imaginary parts, we get

from the above equation the two following ones:

* 0. Witoszynski! Extension and Diffraction of Rays — Lecturcs

in the field of hydrodynamics.and.agrodynumjcs. J. Springer,
Berlin, 1924. )
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-}..c- 1 = ] _@.. jﬁ_ .
sinha cos o sirhk COShau cos aq ’

(2) .

X Y- simhk i sin L ;
. COSh Sl a. - Dlnhk Slnha,us in. au

In these two equations we establish the potential of the ve-

locity & 3
D ¥
sirh= cos
cosh 2 = 2 3_\1!_ ;)
] sinhk cos 2u )
L, (3)
X i L
Sinh_@— _ cosha sin - '
au ginhk sgsin RA %

au

by substituting & according to these types in the following
identity:
cos W 5% - sin v 'a,% = 1, we get the equation of the line

of current V = constant:

sinf £ cos® Y cosB X gine ¥

a a a a
e o ¥ oo LT

sinh cos® 7 si sim o

This is transformed according to the two forms of the pre-

ceding equations, convenient for discussion:

sin® I + Sir‘ﬁ k Sj_n2 _j[__ h .
F X = a au__ . |
sinh 3 = 7 IH, : :
s Ek
- sin® £ + ta.nz aq cos®
| v [ (4)
. x -
sink % - sinf k cosgy
gin® L = = ' —

sini’ Z + cot l&u cosh F ]
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_From type- (4) it is ev1dent 1st that the change of x
to -x does not in itself cause a chanpe of y, OT as we have
the same arrangement of the lines of current on both sides of
the v dxis, it is sufficient therefore to turn our attention
to only one case, x » 0; 2d, that for the value of y differ-
‘ing'by 2 ma, we will get these same values of x - the ars
rangement of the lines of current will be repeated near each
change of position paraliel to the vy axis and equal to 2 17 a.

We will now find the most characteristic form for the lines
of current (Fig. 1).

0), as is evident from equation (2),

I

At the x axis (y
gither 9 = 0 or ¥ = 0; +that is, at the part of the axis de-
fined by the inequality x g ka, 9 1s equal to 0; at the

part x » ka, however, V¥ 1is equal to O. The line of current

¥ = %—au is composed, as follows from equation (3),
sin h % cos g = 0, of three parts:
o - 0O _n i
AB y—-—g—u, BC x=0; 2&<y<2a
i : = - T 5.
i ¢D v 2‘a

<

In equation (4) it results from sin® §~ that the lines of
current have asymptotes para11e1 to the x axis and situated
at dlstanoes from the x axis proportlonal to the value of

the potential of -the current VY. In reality:
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. -1
; o ‘sinf ¥ cos® L
au
1 - I
B LR S, cee Sinh"‘ma
lineal sin® re lineal : pry .
X= 657 X=oo 1+ cot® L cotkF =
' . au a
= 1 7 = gin® JE.,
1 + cot? =

and therefore, designating by V5 the series of asymptotes for

the lines of current V¥ = constant, we write

Vo = % v (5)

A diagram of the arrangement of the lines of current is
shown in Fig. 1.

Now let us tufn to an investigation of the arrangement of
velocities. It is casy to get the velocity at arbitrary points
in %he plane of movement from the form obtained, which results
directly as a quality of function of combined change and the

limitation of the potentials of velocity and current:

vx - vy =& (2 z SRR . @

Because equation (1), determining the combined potential,

,gisz:M_,f:»f
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o v sinh-g)
o+ 1V =au arccosh |——=3t), e -
then :
o, ' cosh
vy - 1 vy = (7)

A/vinﬁ'a s—. sinf kx

It follows from this that one point at which the velocilty
becomes infihitely.great is the point H z = ka. So we see that
at infinity the velocity is identical for all lines of current,
equal to u. 4%t the vertices of the angles B and ¢ (x = O,

y = :£%> the velocity is equal to zero; vy - i vy = 0, and at
,%he boginning of the arrangement, for this same line of current,

0 (z = 0) is equal to:

- = - u .
v, — 1 vy = ; — 1 >
J - sinh k% , sinh k
or,
v, = 0; = et

it follows from this that the lengthwise lines of current are
the ones the velocity of which passés through the minimum and
the maximum.

 Because of the application of the condition that on the
turn the velocity should nowhereubeﬁgmea$er~than‘the.Velocity in
the canai, or than u, we are compelled to determine how the
values are :eached and where the‘maximﬁm velobities‘occur. For

this purpose we reproduce the velocities in the form of veloci-
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ties of the potential velocity & and of current ‘\l!:. We sub-
A -stitute in equation(7) the expression 'resulting f rom equation

(1) instead of the coordinate funetiont - .. ...

/1 + sin¥f k coslf'.-‘l’-—a'*'—l-li'-g '
)
sinh k sinh Q__;f_ﬂ!

Vg - 1vy=u

whence we ray get the square of the velocity oCcurring according

..... “xwz“ y).......

o /1+sinh2 k Lcosh q’+“+oosh2uj +sinh*k cosh (I’""Noosh o~ w
vE =

. =~ . +l\lf @"lw
sinh® k sinh L——au sinh YT
Because we have:

cosh® L.+ ¥ 4 o5 2 = IV - 9 4 Logh 22 cos 2Y¥ ;
au au au au

cosh @ + 1Y cosh o= v _ 1 <cosh 30 4 cos gi\
au au 3

au au/

sinh &~ iV sinh &~ iV _ 1 '(cosh 2% _ ,os 3V
au . au 2\

au . au /.

therefore‘,' it Will bel o e e ., ......

'A!.

/4-&-4 sink k(1+cosh &4 cos ——\k\+sinh k(cosh %-—*—cos _ﬂ\

vE=u® au/.Jg)

P _2_9 B.}k
- sinft k{oosh 5y - 00s

" In order to find the change of velocity of the lengthwise

line of force V = constant, by calculation we derive the square

4
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of the expression (8), or we derive v* with regard to ©.

" Designating by ¢ the term:hotninfluéncing the sign determined,

we get the simplified form by putting 1t into effect:

. ‘ _
c Qé%;l = - (cos2 sY 4

au
+ cos 3Y cosh 2% + 3 N\ ginh 3% . 9
au au sinh® %/ A au (9)

In this equation it is evident that at the intersection of the
line of current V = constant with the x axis (& = 0), +the
velocity always passes through an extreme, which is maximum or
minimum according to whether the trinomial T = cos? g% +

+ cos é% + gzzig—i is positive or negative. If sint® k< 8,
then T > 0 for each value of V¥, or then we always have a
maximum at the x axis. If, however, sin h® k » 8, this max-

imum of velocity at the x axis takes place for those lines

of current, the parameter of which fulfills one of the .inequal-

2V _.IL../‘l_ 2
% au T T 32 £~ Sinff %

or, :

2 . .1, /.1_..__;2
cosau> 2 4 sinlf x

ities:

'Howevér;‘i£>ié-Miﬁimﬁm af”the X axisg for the lines of-
current the parameters of which V¥, are encloséd within the

boundariés limited by the inequalities:
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~where then T < O. A+ the same time, it is easy to convince
. one's self that in the discussion of the lines.of current the
other extreme will not ocour yet. In reality, in this case,
cos % <0, but it follows from the inequality T < O +that
- oos‘g% > cos? iu + E€£%§~E
and therefore, also
- cos g% cosh %% > gos® g% + EE;%E_E
which, in comparison with formula (9) for the derivation of the
velocity, demonstrates that this latter cannot have the second
extreme. Because the one extreme first mentioned (equation
(9) ) may be above the x axis for each line of current, there-
fore either the velgcity does not pass through the maximum or
reaches it a% the u%:axis- In this connection, if we wish to
convince ourselves %hat at certain points, bounded by two lines
_of current ¥ = V¥, and V¥ = wg,- the velocity av;;that oceours

does not exceed a certain value of the above problem, it will

be sufficient to confirm the fact that this is not exceeded at

the x axis.

%




e

o TR

"N.A.C.A. Technical Memorandum No. 350 10

On the other hand, the velocity at the x axis, which we

designate by V _»can eaﬁily be. obtalned from equation (8) by

”substltuting @ 0:

S T eyt - _4__\.‘.[_.

+ si 2 el

fl ” nf %k cos o
v

sinh k sin a'ﬁ

(10)

At the point H (Fig. 1), where V¥ = O, the velocity

V =, =and subsequently decreases from the form V 1o the

value such as was obtained at the beginning of the arrangement

—u__.
sinh k
choose k such as to fulfill the Inequality sin k > 1,

0, where V = %zy% wherefore V = If therefore we
i.c., k > 0.882, the middle one of the lines of current will
be the onc for which the velocity at no point exceeds the ve-
locity u - this line w111 be on t e parametcr ¥ > ¥,, where

V¥; is limited by the equgtion-

. ped ~
V/].+~sinh k cos” g&
V=nu T == = 4

. N 3
sinh k sin a

whence:
2V 1
8 = = - 11
au sink % (11)

From the consideration of the above it follows that the
form of an aerodynamic tunnel limited on the outside by Ilat
walls and made according to thn conditions bDeCified by us Cuﬂl
be described in the following manner: the straight part of the

tunnel, that is, the canal, is bounded by the asympitotes
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v
Va = % a and yo = E% ;- on the other hand, the turn is bounded

m

by the lines of current with the parameters V¥ = 5 au “né.

V =V, ; these lines are bound. ¥o be intersected by the
straight line m - N, perpendicular to the x axis, at such a
point that upon comparison of the turn of the canal with the -
line of current W&; an easy matter”iﬁ practice, the prolonga-
tion is determined by its asymptote Vg = %%- (Fig. 3).

We will introduce the following designations for the char-
acteristic dimensions of the tunnel (Fig. 3):

1) h - distance from outside wall of canal to axis of tun—
nel, h = % a ;

8) b - clearance of canal, b = %-a - %} ;

3) ¢ ~ clearance of turn, that is, the distance from the
point of intersection of the lines of current boundiné the turn
with the x axis; the coordinates of these points are desig-
nated in equation (2) for y =0, & = O

sin h £ = sin h k cos v
a au
In regard to saving space, we try to see that the propors

tions p = % and q = % are as low as possible, close to unity.

For example, we may write k = 23; thep inﬂgquatiqpﬁgll)

wc:o(é,“=:'3—’il S —— = 0.076, whence ¥, = 0.833; therefore

aa - sunb® & '
3 - E ¥, o . N
the clearance of the canal b = 5 a -'G%. 0.748 a; the remain

‘ ing’ciearance of the turn ¢ = Xy, Where We find xy from the
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equations sinh %} = sinh k cos g& = 2.465, whence ¢ = X, =
1.634 au; and coﬁsequently the relation of the clearance of
“the Firn %6 the cleatance of the camal is found %o be:  °
P ='% = 2.183, but on the other hand the propdrtion q = % =
3.101. It;is shown by these figures that the turn examined re-

quires a great deal of space, and therefore is not suited for

large apparatus.
The Canal is Bounded on Either Side by Curved Walls

The cause of the greaf dimensions of the turn with which
we were concerned in the preceding section is the very low veloc-
itieslin the vicinity of the vertices of the angles B and C.
This is expressed analytically by stating that when the length-
wise velocity is studied, certain lines of current first pass
through the minimum, to reach the maximum at the x axis.
Therefore if we desire to avoid this fault, it is well to see
to it that the rate of velocity on one side of the x axis var-
ieg in one'senso only. To attain this, k .becomes cqual to

+o. In reality, equation (8) then gives:

‘ >
cosh 32 + cos gﬁ
ve = u® au au
cosh 32 _ cos gy
au au
or
v2 = 1R 4+ 2uR p ' (18)

o2 _ 2Y
coshf s ~ cos £
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At the "x axis the velocity attains the value V = u cot g% (13).
~ From these equations it is evident at.once.that

aldng the lines of current the parameter of which, ¥ < -3515 ,
the values of the velocity, at their raximum at the x axis,

. diminish to u at infinity; howevor, where V> J%?E, the ve-
: locity has its minimum at the x axis, and afterward inoreases
to the value u for x = o. For the lines of current

y= ¥, = L2 tne velocities are identical at all points and
equal to u.

For obtaining ecquations for the new lines of current flow-

~
inz through, we have to change the arrangcment of the coordi-
nates at the point H, in the forms uscd in the precediny scc-
tion, or the size of %k, and subsequently take k =< (Figs.
1 and 3). EBEquation (1) gives:
e%/2 = gogn LAV ; (14)
au :
whence
%/8 505 I = oosh & cos L 5 ]
e cos = Josh.au COS Zy 5 |
- (15)
1r R
eX/8 gin ¥ = ginh & sin X ;
a au au {
o
By substituting for ¢ in these two equations, we get:
) . ) .
e Lo X
R S ; : (18)

. \i' s L2 y
3 - - a K
sin au sin a

or, inversely:
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—
W

it ax oo
sin® % = gin® é% [1.— e & cos® g%_y (17)

- This equation allows the representation of the desired line of

b current V = constant. From its asymptotes, this, like the pre-

ceding, will be a straight line: ya=:£% (Fig. 3).
The ciscussion of the lines of current is very well suited
for determining the form of the turn in acrodynamic tunnels.
~We designate by ¥, and V- the paraméters.of the lines bound-
ing thc turn. The value of Vi is chosen equal to % au. In

equation (13) we obtain the velocities V at thke interscction

of these lines with the x axis:

V., = u cot LI u }
1 au ! ,
r | (18)
V. = ucot -2 = ANu. | i
au -

As reosulte from the above equations and from the preceding

' discussion which has becn made, the velocities at points inside
the turn will always be containcd Wifhin the limits A u< v < U,
where X may be equal to cot g% < 1. From these data we get

the equation for the value b of the clecarance of the canal:l

= i K — E\ .
b = (axc cot 7) e (19)
" On théhéEiéiuhéhd;'théAcieaiaﬁce of'the tuiﬁ ¢ 1is equal to

~ (x2 - x3) ; in equation (18) for y = 0, we get:
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1 cos %%
C= X3 - Xz = a 1n : .
) ,_Coshlamfﬂ
au
where, according to equation (18):
COSHI——J—:—-——-NB; cos.\.l{.a.— ....;r_.}_’* 5
3 aun /1 + X
wherefore _ . .
' %R
c=a1n~/2(1g ) . (20)

For example,>the following dimensions for the turn are ob-
tained by adhering to the condition that the velocity on the
turn should nowhere be less than half the velocity u in the

canal (A = %) (Fig. 4):

h

It

a arc cot ¥ = 1.109 a;

i

1n2 (1 +»¥) )

whence

"'-Q: . ; . =
P =3 1.42 a

o'l
I
(S
é.

As is evident from the above example, such a tunnel has
this disadvgntagp,wthgﬁrinwcgmpa:ison to_pneﬁclearance_ofwthe,
cénalﬂgts branches are at a great distance from each other, or
that the proportion of unused space is large.

This defect may be avoided by having the tunnel composed
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of several simple canals, in the manner shown in Fig. 5. The
method of procedure is tho following: The 1limit lines of cux-
reng in the canal and"Wé may be marked by a scale a = 25.
We now change the scale to a = ap, choosing it in such a way
that the position of the asymptote' §€¥L of the lines YV,
(sqale az) is equal to the position of the asymptote of the
lines V. (scale a,). Consequently, at infinity these lines
of current V, (as) and V., (a,) will be near each other.

Then if we shift lengthwise the axis of the canal common to the
scale az and the scale a;, it will be easy to find the »osi-
tion near which these lines of current will be visibly separated
from each by gradually proportionate intervals. By putting this
form into execution and proceeding further in a similar way we
get a tunnel very suitable for current flowing through in a
semilunar direction. In comparison with the preceding tunnels
not having such form, this latter is interesting in that it re-
quires less space crosswise. And in addition it has the fur-
ther advantage, thanks to the semilunar character of its form,
of preventing the shearing or cutting action of the air on the

wall of the tunnel.
General Case of a Canal with Curved Walls

: We wili ﬁow take up a general discussion of the combined
potential (14); in particular, we shall adhere to the nomen-

clature vreviously accepted; we shall define the conbined poten-
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tial by the eguation:

2/3,
cosh ——m : T~ _ _ .(21)
By m= - 1 we get the potential (14) sought for. As we

. P . : . . :
~can conyince ourselves, rfrom this potential comes the arrange-

ment ©Of the lines of current, having a whole series of inter-

. esti)&g properties.

i ' .
- We will limit oursclves.to finding the flow for |m| < 1,

-when, if |m] > 1, it will suffice to take the parameter

my, = rln in cquation (21) instcad of the parameter -m, and we

get . 5 ez/a 1 1
cosh L1V -1 ,
an %
m
or, , . E":r'lll m
cosh &+ 3V + T au) = 2 e -1 -m
au . 1 -m ’

that is, this flow differs from the preceding flow with parame-
ter m only in that the arrangement of coordinates is shifted
by z =4a lnm, and the values of V¥ for the corresponding
lines of current aré diminished by 7 au.

_ Bearing in mind then that |m} <1, we determine the ar-

rangement of velocities from equation (21):

7a

= U. ~ ,
ZL .

/(e/l_ ) (ez,/a.__l)r

Ve = i vY
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frdm*which it follows that the velocity becomes infinitely large

 §:; %MEJTM?E, or § = 1n>m + 2 ku i, where Xk

~at the points )
is an arbitrary whole member. It is well to distingaish two
dases.here: O<m< 1 and -1« mx« O..'In the first case the
poles (that is, the points at which the velocity is infinitely
great) lie on the straight lines parallel to the x axis and

2 m a apart from each other; in the secbnd one the polés are
arranged in checkerboard fashion and the series ofkpoles

S kmi remains in its place, while the other series

&
I

=Inm+23 knm i=1n(-m) +m7i+ 2 kmi is moved toward

RN
|

the top or the bottom by m a.

We will first take up the case in which O < m < 1.

Because the arrangement of the lines of current is repeated
upon movement in the direction of the y axis by 2T a, 1t is
sufficient to consider vy only within the limits
- Ta <y <T7a.

In equation (21), by equating the different real and imag-

inary parts, we get:

S 74 :1 v
: Je cos & - m ~ 1
cosh 42-cos'JL = a
. au au 1l ~-mnm

. ( (83)
: - T BeX/a,sl o

au; aauy. . .._,jn Lﬁw

: ‘ ‘xﬁfwgﬂgufnz ad to
and therefore by subsﬁitﬁting?fof&ﬁQMywe_derive in the follow-
Memesinl Asropautical

u.)“) 3.'

ing the equation for the 11nes ﬁ/current ¥ = constant:
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4 <0082 J - cos=2: lL)

a u
YN X
4 (m + 1) cos (1 cos® -5 )
( 2 2 cos® L 2 ¥
+ [\1 + m)® - (1 - m)” cos u] (1 - cos 4u> . (24)

From equation (23) it is evident that the line of current
¥ = 0 is created on the positive side of the x axis
(y = 0; x> 0). _The line of current ¥ =1 au 1is composed of
part of the x-axis, namely, V = 0, X< a lnm and of tﬁo
straight lines parallel to the axis; y =+ 7 a (Fig. 8). At
the intersection of the x axis, for a Inm< X< O we have
® = 0; in the remaining points, on the other hand, the poten-
tial ¢ is defined by the equation:

sinh & = 2" sin § (25)

au \}(r
(1 - m) sin —— au

In equation (22) we read at once that

where x =+ we have vy — 1 vy = U, ~
(2€)

and where x = —® we have vy - 1 vy =0,

or at + ® we have a uniform current of air and at - © this

current turns back. If we desire to 1limit the character of the
lines of current, we raise both sides of equation (22) to a

square :
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2Z
" . e
sz ""V'}.'Z "8 i%{ v-y-:lla z/a H
(e7 7 - )(e ~ 1)
whence we gets
2X X
a
Cw® e [(l + m) e~ — 2m cos %] sin L -
- & ‘
Ve Vy — . : . (27)
x/a ..y_\ < 3 Qz? (X/a :'/:2 3 E.y_] '
3[(6 -1 cos ~, +m? sin - ('e ~Ccos a) +sin® =

As is evident from this equation, the denominator is always
positive, wherefore in reality the sign of the product of the

veloclties vy Ty depends only on the sisn of the expression:

/ q
L = {(1 +m) % 2m cos %} sin % . (28)

It is eovident in reality that the side on which the curves
are tangent to the line of current is limited entirely by the
sign of the product vy Vy, independent of the signs of the
separate factors, the knowledge of which is necessary just at
the time when we take up'thé determination of the expression
for the flow, that is, the determination of whether the flow
takes place from A to B or from B to A. This, however, Tre-

mains arbitrary and properly depends on what sign we place be-

fore tne roots 1n equatlon (28) Tberefoxe it is sufficient for

e e -

determining the charactcr of thp arrangement of the lines of
current to flnd out the sign of the product vx Vy and this

only for vy > 0O, when this arrangement 1is symmetrical with re-
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gard to the x axig. From this assumption it follows in ecquation

(27) that for x > O we have without exception vy vy > 0;  how-

‘ever, for x < 0, that is e%<1, it is well to distinguish

two cases (Fig. 8):

1) cos ¥ < {1+ m) X%
a 3 m ’

then vy Vy > 0;

' x/a ’
3) cos ¥ > (1 +2m% € —, then vy vy < O.

x/a
And, consequently, when tos L = (1 +2m) e’ " we then
- a m

have vy Vy T 0, and properly, as we can be convinced by a look

at Fig. 6, vy = 0. Then we say that the equation

expresses the geometrical position of the points for which

ve = 0 (in Fig. 6, curve IMNK).

This curve intersects the x axis at the point N of the

backward flow

2 m
1 +m

= 1n (30)

CRES

+IL g,

and has the asymptotes '3

L
i

We will also add the arrangements of velocities on the x
axis at the interval a ln m< x < 0. In equation (22), for

v =0 and x enclosed within the above interval, we get:

vy = 0; vy =V = L : (31)
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As we can easlly convince ourselves by a simple differen-

tlal thls ve1001ty pa I8Ees through tho minimim, where:

X

& = _8 1
1 +m’

and therefore the minimum of the'veloéity at the x axis takes
place at the point N, at which it intersects the line INK
(Fig. €). The line of current Vg which passes through this
point we call the limit line. The value of its parameter Wg

is determined from equation (23); by applying the substitutions

vy =0; ® = 0; e-é)g ~ 12+mm
we get _ |
cos —g-f% = - %:——;————% ; (32)
because
O <m< 1, herefore, %—< gﬁ < T,

The minimum velocity-at the x axis Thas the velocity

(equation 31):

Vmin = T = m“ﬁﬁ . | (33)

If we wish to have the interval at the x axis at which
the controlllng v31001ty decreases from the ve1001ty u of

the unlform current such as we have 1t to the factor for

x = +®, it is well to make Vipin <4, that is, ?vimm <1,

whence: ‘
O<m<3-2,/2%0.1716 o (34)

A3




T
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If this condition is fuifilled,.there arc for the arrange-

-ment-of -the lines of -current exemined, two with parametors V,

and V,, at the intersection of which with the x axis the ve-
locity V = u. For the purpose of determining the values of
these parameters, we substitute in equations (31) and (33) for:
the variable x, which on the assumption that y = 0, @ = O,
leads to the following equation for the velooify ‘V at the

X axis:

(1 - m) cos %% + 1+ n
V = u = ' (

LW
(1 - m) sin o

(¥
i
~

Taking V = u, we got the cquation for the determination of

the paramcters V¥, and V:

/ - ]
\ "au /1 —-m "3
VB8 o1+ m /231
2 1 -m 2 . 7? -
whence
ale
. LR
I.r.< _.‘l_f.l‘__%_ﬂ<szﬂ also:_E<' 12<TT,
4 au 4 4 2 au

The valucs of the paramcters which are satisfied in equation

(36) arc collected in the form:

VAR A %—ﬂ au _ (37)

We take (Fig. 7) the turn for the aerodynamic tunnel from
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these two lincs of current, the parameters V¥, and V¥, being

_ supplemented in such a way that the relation q Dbetween the

distance h . from the outside wall of the canal to the axis

of the tunnel and betwesn the clearance of the canal b should,

for tho sake of facility of comparison, be the same as in the

example, o diagram of which is given in Fig. 4. And therefore,
— — ﬂje —_— . 9, (] s ) . = o s

q = = iz—:~wz = 3.43; whencc in cormbination with equation

(37) we get

o'z

W= 0.822 w au, V,= 0.878 T au,

which allows the clearance of the canal to be fixed:

Lr.

\j A
D o= =L = 0.804 a,
u

and the value of the parameter m= 0.131L %0 be fixed by cqua-
tion (38). These data alrcady limit the whole system of theo
lines of currcent. BSo then by reenforcing equations (23), wc

define the clearance of the turn o
¢ =~ (x; - x,) = 0.905 a.

It is well to remark here, nevertheless, that because the
line V = V¥, hos convexity in the region of the point M (Fig.

7), therefore, if we are going to make a comparison of the two

turns in regard to spaee occupied, the dimension ¢ 1is ndt

measurcd, but ¢!, by which we designate the breadth of %h%
turn: '5? = - (xXp - x,). Here xy; indicates the turning Govm-

ward at the »oint 1}, +the coordinates of which are elements
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of the arrangement of types (24) and (29), in which
¥ =¥, =0.878 mau. By transposing the calculations we gob!
c! = 1.086 a, whence the relation of thé breadth of the turn
to the clearance of the canal p' = S = 1.35, and therefore, is
, somewhat better than in the example with which we are making a
comparison (there we get p = le42).
We will now proceed to a discussion of the case: -1 < m<0.
The forms of the preceding equations still rerain valid;
only in connéotion with the fact that m 1s now negative do we
get other results. And therefore we read in equation (22) that
one pole is, as in the preceding, at the point =z = 0; however,
the other, defined by the equation eg.= m, has the coordi-
nates: x=a 1n (-m); v =m a. Eguation (33) gives the posi-
tion of the principal lines of current V¥ and likewise of the

potential of the velocity &:

¥ = 0 — the positive side of the x axis, or y = 0; x > 0.

¥ = m au - the straight part parallel to the x axis, that
is, y=ma; x>a ln (-m);
® = 0 - the remaining parts other than straight, that is,

y=0, x<0 or y=T1a, x < a ln z—m).

Passing to thé examination 6f the arrangement of velocities,
we have the same as those for m, with the addition that the
1en0fthe proguct of the combined velocities vy vy, deter-

mining on which side of the slope the lines of current are, is

identical with the same of expression (28):
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X
L= [<1+m) & - 2 m cos z]sinz,,
a | a

©- -+ Incomection with-the fact that -1 <« m< O,

0 feg
v
i
+
=8
%Nx

> ag far a
Vy Vy 0, T s cos

. : ' y_l1l+m a
however, vy Vy < 0O, when coOs = < ST

Zm °
From these relations result the diagram of the arrangement

of lines of current given in Fig. 8. The curve MNK is the

Il

geometrical position of the points at which vy 0. The equa-

tion for it is the following:

(38)

This curve intersects the straight line vy = m a at the

X
point N, determined from the equation: e? = igimﬁ ; whence
x = a 1ln (-m) + a 1n T i - ; its asymptotes are straight lines:i
g 37
Vg = 35 & and Yy = = a-

As is evicent from Fig. 8, the lines of current are civid-
ed into two groups, separated from each other by the boundary
line 'Wg,which runs from -o to +«=. And,. therefore, in order

to get the equation for ite parameter '%g, it is well in equa-

tion (233) : X -
' 2¢® cos % e m - 1
cosh -2 cos L = 2.
au au 1 - m
to take @ = O, % = - o, y = 0; at once we find that:
cos Vg o _ldm g,
au 1 - m
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We have therefore % < Y%< T . When we take m = - 1, we get
(4]

;:Wg,ajg,au“ and we reach-the flow previously exanmined; wherée

m = 0, on the contrary, Ve will be equal to T au and we
sh211 have the factors which are evident in equation (21), only
oh another scale. |

By.substituting equation (3%3) for equation (24), we get

the equation for the boundary line V¥ = Wg :

-4 m (m+ 1) cos ¥

eXi? = : a (40)

2 2 .
(m - 1) cos g - (m + lf

from which it is evident that the boundary line possesses two

asymptotes (Fig. 8):

1) Xx=+e@3y gos L=~ L+ M- opg Yg
a 1 ~-m au
Wrr i
whence ¥ = E? > 5 a;

2) x= - o} 008

® j<

= 0, and therefore W = %-a .

We will also remark here that the lines of current situated
above the boundary line attain greater breadth than those con-
tained within their asymptotes (Fig. 8). We designate by
the extreme limit of the point of the line of current on the
straight Iine v = ™ a; this limit is grééféfuthan the iimif
for the correspondiné asymptotes on the straight léne y=1a.

To obtain the coordinates of the point spoken of, which lies at
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the intersection of the line of current considered with the
curve MNK, it is well to work out the system of equations (24)
and (38). | |

There still remains for discussion the variation of the
velocity of the flow near the x axis and the straight line
y =1 a. It follows from equation (22) that at the x axis,

for y=0, x < 0, the velocity V will be:

v /zs x
Jole —m) (1= e

This 1t is easy to convince one's self that this velocity

diminishes from an infinitely®great value at the point x = 0,
vy =0, to zero for x = - ow.

Analogically, we find the velocity V on the straight line
vy =Ta, where z = x+ 1m a, from the factor x < a 1n (—m);

by executing a simple transformation, we reach the equation:

v:v e u e

v X X
J (1 + e®) (-m - &%)

And here the velocity decreases from an infinitely great

value at the point. z = a 1n (-m) + i 7™ a +to zero. Both of
these formulas may be combined into one, taking into considera-
tion the fact that according to equation (23) for & = 0 and

y = 0 we have!
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X

e§=(1—~m) OOSa‘ﬁ.+l+m
| 2
but on the other hand, for ® =0 and y = m a there will be:
X 1)
g _ (1 - m) cos s tl+m

2
In either case therefore we will get:

v . (1 - m) cos g% + 1 +m

(41)

¥
(1 - m) sin Y

From the above equation we can fix the parameter Vv, or
Y, of the line of current limited by the condition that the
velocity at its point of intersection with the x axis or the
straight line y = m a must be equal to the velocity u ex-
isting at the points on the segment x = + o. It ig necessary
only to take into consideration in Fig. 8 the course of the
flow to be found from the first case V = u and from the sec-

ond case V = - u. By executing an easy transformation we gets

. \lf TF\ A2 1l + m
1 o e - % i . 2
'Sln<:au 4 2 1 -m’ (42)
Vo _M™NL /2 1 +m 43)
%08 { au ZD - 2 1 -m : (43)

' Bearing in mind that -1 < m < 0, we will get the following

limits for the parameters \%‘ and iV,
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These paramcters are combined into a simple expression:

T am T3 . (44)

The formulas worked out already will enable us to solve
the'problem of finding the dimensions of tunnels, limited by
fhe two lines of current flowing through which have been exam-
ined. It is evident that both of these lines must belong to the
same group of curves, that is, they are situated either under
the boundary curve V¥, or else above it.

[

For the sake of a better understanding, we will give sever—

-al numerical examples.

We make the first tunnel with curves situated below the
boundary line. Thus a sketch of one wall may serve for the
line of current ¥ ; from the sketch of the other one, the line
of current V) may be defined, on condition that at its inter—

section with the x axis the velocity is equal to AN u. If

we desire to have material for comparison with the different ex—

~amples of flow through previously given, we apply the condition

in the first place that the factor g = % should possess the
same value as it had in the preceding examples, that is,
q = 3.43, whence it follows that

\Qf;\ = 1.41 Wl

Example I: m = - 0.5. From equation (42), V¥, = 1.02 au,

and consequently, Wx1= 1.44 au; whence the clearance of the
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canal, b = 0.42 a; on the other hand, the clearance of the
‘turn ¢ is found to be equal to -(x) - x,); by determining

the guantities x; and x, from equation (23), we then zet

H

¢ = 0.61 a, wherefore p = £ = 1.46; the arrangement of the

velocities of the parts is shown by the expression: A = 0.46
.from equation (41) ).

Exemple II! m= - 0.3. Proceeding in a similar way to the
preceding, we get: ¥, = 1.38 au; V) = 1.80 au; b = 0.53 a;
c=0.83a; p=1.57; A = 0.45.

For m= 0 6r m= - 1 we should get such dimensions as
in the example for the potential (14).

And now for these same values of m we form a tunnel with
lines of current sitﬁated below the boundary line; then in this
case we shall be bound to fulfill the condition:

ma-2_ 14 (na- )

u /-
v i} Y
Example III: m = - 0.5; m - -& = 0.55 7 - a0 = 077
b =0.22a; ¢=0.30a; p=1.33; A = - 0.56. Moreover, we

i
o

should add here the measurement I .62 a for the curve

¥ = ¥, and the corresponding one 1) = 0.95a for V¥ = V¥j .

Py Ivl — 8. Y& — O 29- -‘T .“.Q\— — O 41.
Example : m = - 0.8, T - aq = 0:39; ~- aa = 0-41;
b = 0.12 a; o

i
O
e
_U'l
Ly
-
il
R
Y
R
b

= - 0.83; 1l = 0.39 a;

1) = 0.57 a.
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Fig.4

Figs.4,5 & 6.
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